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In this article we construct a relativistic extended metric theory of gravity, for which its weak field
limit reduces to the non-relativistic MOdified Newtonian Dynamics regime of gravity. The theory
is fully covariant and local. The way to achieve this is by introducing torsion in the description
of gravity as well as with the addition of a particular function of the matter lagrangian into the
gravitational action.
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1. INTRODUCTION
In 1983 Milgrom proposed MOND (MOdified Newto-
nian Dynamics), a theory that introduced a modification
of Newton’s second law in order to explain the flatten-
ing of rotation curves in disc galaxies [1, 2]. From this
empirical proposal it is possible to recover the baryonic
Tully-Fisher relation, for which the rotation velocity V
scales as a power of the baryonic mass M (composed of
stars and dust) in the following form: V ∝M1/4.
Although in principle, the Tully-Fisher relation was
found for disc galaxies, recent surveys have proven that
it holds in dwarf spheroidal galaxies, wide binaries and
globular clusters [3–6]. Moreover, the astrophysical ob-
servations strongly suggest that MONDian gravity ac-
curately describes pressure supported systems across 12
order of magnitude in mass [7].
Despite the success that MOND has at the phenomeno-
logical level, that formulation is non-relativistic. From a
mathematical point of view, MOND should be conceived
as the weak field limit of a relativistic proposal. Several
attempts have been done towards building a relativistic
version of MOND. Amongst the many proposals in this
direction we can name the Tensor-Vector-Scalar theories
[8–13], galileons [14], bimetric theories [15], non-local the-
ories [16], modified energies [17] and field theories [18] to
name a few.
Bernal et al. [19] built a relativistic proposal for MOND
in the pure metric formalism. This theory is based on a
dimensionally correct action for a f(χ) function, where χ
is a dimensionless Ricci scalar defined as: χ = L2MR, and
LM is a free coupling parameter of the theory with length
dimensions, which is fixed by recovering MOND in the
weak field limit. Taking this work as starting point Bar-
rientos and Mendoza [20] analysed the previous proposal
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but in the Palatini framework. Both, metric and Pala-
tini formalism yield χ3/2 as the function that turns into
MOND on its weak field limit. This value is coincident
with the results obtained in some cosmological analysis
[21, 22].
The f(χ) theory explains not only the flattening of ro-
tation curves, but the correct bending angle of light for
gravitational lensing in individual, groups and clusters of
galaxies [23]. However, this proposal possess a mathe-
matical inconvenient since the coupling constant LM has
an explicit mass dependence and so, it makes this pro-
posal non-local (there is however a mathematical way to
deal with this caveat as explained by Carranza, Men-
doza, and Torres [24], Mendoza [25]). As such, the f(χ)
action must not to be seen as a complete theory but as
a particular case of a more general idea.
In this article, we introduce a relativistic action, which
in its weak field limit reduces to MOND, but unlike the
f(χ) theory, the coupling constants has exclusive depen-
dence in pure physical constants: Newton’s gravitational
constant G, the speed of light c and Milgrom’s acceler-
ation constant a0, making the action entirely covariant
and local. This theory has two departures with respect
general relativity. On the one hand, in the geometrical
sector, we work with a f(R) theory with torsion. From
the cosmological point of view, it has been proven that
the torsion has interesting implications in order to ex-
plain the accelerated expansion of the universe [26, 27].
Our approach in this work is to find a MONDian be-
haviour in extended metric theories of gravity with tor-
sion. On the other hand, based on the f(Σ) and f(Lm)
theories[28–30], where Σ is the trace of the energy mo-
mentum tensor Σµν and Lm is the matter lagrangian, we
also modify the matter sector with an action which for
this particular case is only dependent on derivatives of
the matter lagrangian.
The article is organised as follows. Section 2 introduces
some of the theoretical background needed for torsion
and for the weak field limit of a general metric theory of
gravity. In section 3 we present our preliminary attempts
2which yield the correct MONDian proposal described in
section 4. Finally, in section 5 we discuss our results.
2. BACKGROUND INFORMATION
Before dealing with our action proposals, we first in-
troduce some of the mathematical concepts which we will
use throughout our work. The reader is referred to the
extensive reviews of Hehl [31], Hehl et al. [32] and the
summaries of Capozziello et al. [26, 27] for further infor-
mation. As we are interested in a general scenario where
there exists two fundamental variables, the metric gµν
and a priori non-symmetric connection Γλ µν , let us start
defining the torsion tensor Sλ µν as:
Sλ µν :=
1
2
(
Γλ µν − Γλ νµ
)
. (1)
If we demand that this connection holds the metric com-
patibility ∇λgµν = 0, then it is possible to relate it
with the Levi-Civita connection {}λ µν of the metric gµν ,
through the following expression:
Γλ µν = {} −Kλ µν , (2)
where the contorsion tensor Kλ µν is given by [26]:
Kλ µν := −Sλ µν + Sµν λ − Sν λ µ. (3)
The Riemann tensor is a geometric quantity defined
entirely in terms of a general connection by:
Rα ǫµν := ∂µΓ
α
νǫ − ∂νΓα µǫ + Γσ νǫΓα µσ − Γσ µǫΓα νσ.
(4)
Substitution of eq.(2) into the previous equation yields a
relation between the general Riemann tensor Rα ǫµν and
the standard Riemann tensor built exclusively in terms
of the Levi-Civita connection Rα ǫµν({}):
Rα ǫµν = R
α
ǫµν({}) + ∇˜νKα µǫ − ∇˜µKα νǫ
+Kσ νǫK
α
µσ −Kσ µǫKα νσ.
(5)
The Ricci tensor is defined by the contraction of the first
and third index: Rµν := R
α
µαν . Performing this con-
traction in eq.(5), yields to:
Rµν = Rµν({}) + ∇˜νKα αµ − ∇˜αKα νµ
+Kσ νµK
α
ασ −Kσ αµKα νσ,
(6)
where ∇˜ is the covariant derivative defined in terms of
Levi-Civita connection only.
Sometimes, instead of working with the torsion tensor,
it is useful to express the results in terms of the torsion’s
contraction. In order to simplify the notation we define
the following tensor:
T λ µν := S
λ
µν + δ
λ
µSν − δλνSµ, (7)
called the modified torsion tensor, and where Sµ :=
Sλ µλ.
In this work, we use a simplified torsion term which
is only vectorial as described in the work of Capozziello,
Lambiase, and Stornaioloi [33]. For this particular kind
of torsion, the Ricci tensor is given by:
R = R{} − 2∇˜αTα − 2
3
TαTα. (8)
Since we are assuming the existence of torsion, there
are two main differences when performing the variations
and the use of Gauss’ theorem when integrating by parts,
as compared to the purely metric formalism. Such differ-
ences are expressed in the following equations:
δRµν = ∇αδΓανµ −∇νδΓααµ + 2Sα λνδΓλαµ, (9)
and
∇µWµ = ∂µWµ + 2Sµ µνWν , (10)
where Wµ is a density tensor of weight +1.
Also, since we are interested in the non-relativistic
weak field limit for our proposals, the metric is expanded
as a Minkowskian background plus a small perturbation.
The perturbations are given in factor terms of order 1/c.
For the purposes of this work, a second order perturba-
tion will be enough, since it this is sufficient to explain the
motion of mater and light particles at the non-relativistic
level [34]. Taking as base the work of [35], the metric co-
efficients at second perturbation order are given by:
g00 =
(0)g00 +
(2)g00 = 1 +
2φ
c2
,
gij =
(0)gij +
(2)gij = δij
(
−1 + 2φ
c2
)
,
g0i = 0.
(11)
3. WARMING UP ATTEMPTS
3.1. f(R{}, T )
Let us now make the assumption that the MONDian
behavior of gravity is a physical effect due to the existence
of torsion. The way to express this assumption is by the
addition of torsion terms to the Hilbert action. Using
eq. (8) as base, we propose the following action:
3S2 = c
3
16piGL2M
∫ √−g [R{}+ κ(∇˜αTα + TαTα)b
]
d4x
+
1
c
∫ √−gLmd4x,
(12)
where κ is a coupling constant. In this case the null
variations are calculated with respect to the metric gµν
and the modified torsion tensor T µ. The field equations
derivated from the action (12) are:
Rµν{} − 1
2
gµνR{} − 1
2
gµνκ(∇˜αTα + TαTα)b
+ κb(∇˜αTα + TαTα)b−1TµTν
− κbTν∇˜µ
[
(∇˜αTα + TαTα)b−1
]
=
8piG
c4
Σµν ,
(13)
for the null variations with respect to the metric, and
2Tµ(∇˜αTα + TαTα)b−1 = ∇˜µ
[
(∇˜αTα + TαTα)b−1
]
,
(14)
for the null variations with respect to the modified tor-
sion. Eq.(14) is a differential equation for the torsion Tα
and it can be substituted into (13), yielding a single field
equation:
Rµν{} − 1
2
gµνR{} − 1
2
gµνκ(∇˜αTα + TαTα)b
− κb(∇˜αTα + TαTα)b−1TµTν
=
8piG
c4
Σµν .
(15)
From the latter equation we conclude that a relation
between R{} and Σ is not possible because eq.(14) is a
differential equation involving only T , and not Lm).
Thus, in order to continue analysing this proposal, we
need to make an extra assumption for the functional re-
lation between T and Σ1. Let us assume the following:
∇˜αTα = 0, and Tα = κ′∇˜αΣ, (16)
where κ′ is a constant of proportionality. At first view, it
seems that these assumptions are very arbitrary, but the
first one is for simplicity and the second one is based on
1 By making this assumption, we are introducing additional infor-
mation to the proposal, which makes it somewhat inviable, but
it will give us a good idea on to the correct path to follow.
an order of magnitude analysis that will recover MON-
Dian acceleration as will be further discussed.
With eqs. (16), expression (15) takes the following
form:
Rµν{} − 1
2
gµνR{} = 1
2
gµνκκ
′2b(∂αΣ ∂
αΣ)b
+ κbκ′2b(∂αΣ ∂
αΣ)b−1∂µΣ ∂νΣ,
(17)
where we have changed ∇˜ by ∂α and dropped the
Newtonian-like 4piGρ term since we are only interested
in the MONDian regime of gravity. Contracting the pre-
vious equation and substituting the trace of the energy-
momentum for dust, we obtain:
−R{} = (b+ 2)κκ′2bc4b(∂αρ ∂αρ)b. (18)
So far, we have not said anything about the constants
κ and κ′. Due this freedom, we propose the the following
constraint:
κκ′2bc4b ≈ 1
c2
. (19)
This assumption implies that to second order perturba-
tion, the term in parenthesis in equation (18) is a zeroth
order term. For the metric (11), the Ricci scalar at sec-
ond perturbation order and the term involving the matter
density are respectively given by:
R{} = −2∇
2φ
c2
and ∂αρ ∂
αρ = −∇ρ · ∇ρ. (20)
Thus, eq.(18) to second perturbation order is:
−∇ · a = (b+ 2)(−1)bκκ′2bc2(2b+1)(∇ρ · ∇ρ)b, (21)
for the acceleration a = −∇φ.
To order of magnitude ρ ≈M/r3 and ∇ ≈ 1/r and so,
the previous equation is:
a ≈ κκ′2bc2(2b+1)M2br1−8b. (22)
MONDian acceleration has a r−1 dependence. In order
to obtain that, the parameter
b =
1
4
. (23)
With this value, the acceleration (22) is given by:
a ≈ κκ′1/2c3M1/2r−1. (24)
4The previous equation is important to our analysis. We
have already obtained the correct dependence onM and r
of the MONDian acceleration. Therefore, the constants κ
and κ′ depend exclusively on c, a0 and G in the following
form:
κκ′1/2 ≈ (a0G)
1/2
c3
. (25)
This approach represents an entirely local and covari-
ant relativistic formulation of MOND. However, it cannot
be an option to become a correct relativistic formulation
of MOND because the assumptions (16) have no physi-
cal or mathematical support. Despite this, the proposal
gives us some clues towards the correct path to follow in
order to enhance our theory.
3.2. f(R{}, ∇˜µLm)
The next logical step in order to construct a relativis-
tic formulation of MOND consist in substituting the as-
sumptions (16) on the action (12). As such, we propose
the following action:
S3 = 16piG
c3
∫ √−g [R{}+ λ∇˜µ (Lm∇˜µLm)]γ d4x,
(26)
where λ is a coupling constant. This formulation, un-
like the two previous, has only the metric as a dynamical
variable. The field equations obtained from the null vari-
ations of the previous action with respect to the metric
are given by:
Rµν{} − 1
2
gµνR{} = 1
2
gµνλ
[
∇˜α
(
Lm∇˜αLm
)]γ
− γλ
[
∇˜α
(
Lm∇˜αLm
)]γ−1
∇˜µ
(
Lm∇˜νLm
)
− γ
2
λ (Lmgµν − Σµν)Lm∆˜
[[
∇˜α
(
Lm∇˜αLm
)]γ−1]
,
(27)
where the Laplace-Beltrami operator ∆ := ∇µ∇µ. Con-
tracting the latter expression with the metric gµν yields:
−R{} = −λ(γ − 2)
[
∇˜α
(
Lm∇˜αLm
)]γ
− γ
2
λ (4Lm − Σ)Lm∆˜
[[
∇˜α
(
Lm∇˜αLm
)]γ−1]
.
(28)
For the case of dust, the previous equation yields:
R{} = λ(γ − 2)c4γ
[
∇˜α
(
ρ∇˜αρ
)]γ
+
3
2
γλc4γρ2∆˜
[[
∇˜α
(
ρ∇˜αρ
)]γ−1]
.
(29)
In order not to obtain dependence on the speed of light
at second perturbation order on the terms in between
parenthesis in the previous equation it is required that:
λc4γ ≈ 1
c2
. (30)
At the same perturbation order, the terms involving ρ are
of the zeroth order. Using the metric (11), such terms
are:
∇˜α
(
ρ∇˜αρ
)
= −∇ · (ρ∇ρ) and ∆˜ψ = −∇2ψ.
(31)
Direct substitution of these last two expressions and re-
lation (20), in eq. (29) yields:
2∇2φ
c2
= −λ(γ − 2)c4γ(−1)γ [∇ · (ρ∇ρ)]γ
− 3
2
γλc4γ(−1)γρ2∇2
[
[∇ · (ρ∇ρ)]γ−1
]
.
(32)
Based on the results of subsection 3 3.1, particularly
on the ones in eqs. (23) and (25), we take the following
values:
γ =
1
4
, and λ = ζ
(a0G)
1/2
c3
, (33)
in order to obtain the following formula for the accelera-
tion (given by eq.(32)):
−∇ · a = (−1)
1/4
4
ζ(a0G)
1/2
[(
1
2
∇2ρ2
)1/4
−3
4
ρ2∇2
[(
1
2
∇2ρ2
)−3/4]]
,
(34)
An order of magnitude calculation of the previous equa-
tion yields:
a ≈ (a0GM)
1/2
r
, (35)
which is the right MONDian dependence for acceleration.
For completeness, we must adjust the numerical value of
ζ. This is accomplished solving analytically eq.(34), but
this expression is very complicated to handle and so, we
5will not to solve eq.(34) directly. Instead in the following
section we put together what we have learnt from subsec-
tions 3 3.1 and 3 3.2, in order to build a theory which in
its weakest field limit yields a Poisson-like equation less
complicated than the one of (34).
4. THE FINAL PROPOSAL
4.1. Field equations
With all the knowledge acquired from the previous at-
tempts, let us start with the following action:
S4 = ω
∫ √−gf(R) d4x
+ ω′
∫ √−g [A(∇˜µLm∇˜µLm)η +B (Lm∆˜Lm)η] d4x.
(36)
where ω and ω′ are the action’s coupling constants. Since
the action is a f(R) function, there are two variables
again, the connection (via torsion) and the metric. The
resulting field equations are:
ω
(
f ′Rµν − 1
2
gµνf
)
=
1
2
gµνω
′
[
A
(
∇˜µLm∇˜µLm
)η
+B
(
Lm∆˜Lm
)η]
−Aω′η
(
∇˜αLm∇˜αLm
)η−1
∇˜µLm∇˜νLm
+Aω′η (Lmgµν − Σµν) ∇˜ǫ
[(
∇˜αLm∇˜αLm
)η−1
∇˜ǫLm
]
−Bω′η
(
Lm∆˜Lm
)η−1 [
Lm∇˜µ∇˜νLm + 1
2
(Lmgµν − Σµν) ∆˜Lm
]
−Bω′ η
2
(Lmgµν − Σµν) ∆˜
[(
Lm∆˜Lm
)η−1
Lm
]
,
(37)
for the null variations with respect to the metric, and:
∂λf
′
(
δµτ δ
λ
σ − δµσδλτ
)
+ 2f ′T µ τσ = 0, (38)
for the null variations with respect to the connection and
f ′ := ∂f/∂R. The corresponding traces of the previous
equations are given by:
ω (f ′R− 2f) = ω′(2− η)
[
A
(
∇˜µLm∇˜µLm
)η
+B
(
Lm∆˜Lm
)η]
+Aωη (4Lm − Σ) ∇˜ǫ
[(
∇˜αLm∇˜αLm
)η−1
∇˜ǫLm
]
− 1
2
Bωη (4Lm − Σ)
[(
Lm∆˜Lm
)η−1
∆˜Lm
∆˜
[(
Lm∆˜Lm
)η−1
Lm
]]
(39)
and:
∂σf
′ =
2
3
f ′Tσ. (40)
For the dust case, eq.(40) remains the same, while
eq.(39) turns into:
ω (f ′R − 2f) = ω′(2− η)c4η
[
A
(
∇˜µρ∇˜µρ
)η
+B
(
ρ∆˜ρ
)η]
+ 3Aωηc4ηρ∇˜ǫ
[(
∇˜αρ∇˜αρ
)η−1
∇˜ǫρ
]
− 3
2
Bω′ηc4ηρ
[(
ρ∆˜ρ
)η−1
∆˜ρ
+∆˜
[(
ρ∆˜ρ
)η−1
ρ
]]
.
(41)
Let us make the following assumption:
f(R) = Rd. (42)
With this explicit relation, the traces (eqs.(41) and (40))
are given by:
ω(d− 2)Rd = ω′(2− η)c4η
[
A
(
∇˜µρ∇˜µρ
)η
+B
(
ρ∆˜ρ
)η]
+ 3Aωηc4ηρ∇˜ǫ
[(
∇˜αρ∇˜αρ
)η−1
∇˜ǫρ
]
− 3
2
Bω′ηc4ηρ
[(
ρ∆˜ρ
)η−1
∆˜ρ
+∆˜
[(
ρ∆˜ρ
)η−1
ρ
]]
(43)
and
Tσ =
3
2
(d− 1)∂σR
R
. (44)
64.2. MOND
Based on the results of subsections 3 3.1 and 3 3.2, we
choose the following values:
d = 4, η = 1. (45)
Direct substitution of these values into eqs. (43) and (44)
yields:
2ωR4 = ω′c4
[
A∇˜αρ∇˜αρ+ (3A− 2B)ρ∆˜ρ
]
, (46)
and
Tσ =
9
2
∂σR
R
. (47)
Let us analyse in more detail these expressions. From
eq.(46) we obtain a relation R = R(ρ) and substitution
of this into eq.(47) yields T = T (ρ). Thus, for a vectorial
torsion (8) we find a relation R{} = R{}(ρ). The end
result of performing these substitutions yields a compli-
cated expression and so, instead we perform an analogous
procedure to the one followed by Barrientos and Mendoza
[20] and write eq.(8) as:
R = R{}+H(R), (48)
in which we have used eq.(47) which allow us to express
express Tµ = Tµ(R). By performing Taylor expansion
for H(R), and keeping only terms up to the linear term
in R, it follows that:
H(R) = ϑR+O(R2), (49)
where ϑ is a constant. Substitution of this result in eq. (8)
gives:
R{} = ϑ′R where ϑ′ := 1− ϑ. (50)
Direct substitution of this equation into eq. (46) yields:
R{} = ϑ′c
[
ω′
2ω
]1/4 [
A∇˜αρ∇˜αρ+ (3A− 2B)ρ∆˜ρ
]1/4
.
(51)
Since we are only interested in second order terms of
1/c, we require that the coupling constants ω and ω′ must
satisfy the following constraint:
[
ω′
ω
]1/4
∝ 1
c3
. (52)
From this restriction and using eqs.(20) and (31), the
acceleration derived from eq.(51) to second perturbation
order is given by:
∇·a = ϑ′ c
3
25/4
[
−ω
′
ω
]1/4 [
A∇ρ · ∇ρ+ (3A− 2B)ρ∇2ρ]1/4 ,
(53)
which, to order of magnitude yields:
a ≈
[
ω′
ω
]1/4
c3
M1/2
r
. (54)
In order to recover a MONDian acceleration, the coupling
constants ω and ω′ must satisfy the following condition:
[
ω′
ω
]1/4
∝ (a0G)
1/2
c3
. (55)
Using Buckingham’s theorem of dimensional analy-
sis [see e.g. 36] with a0, G and c as the independent
variables, it follows that:
ω = Λ
c15
a60G
, ω′ = Λ′
c3G
a40
, (56)
which satisfy the requirement (55). Defining Λ′/Λ := Ξ
and using the previous expression for the coupling con-
stants, eq.(53) is:
∇·a = ϑ′ (−Ξ)
1/4
25/4
(Ga0)
1/2
[
A∇ρ · ∇ρ+ (3A− 2B)ρ∇2ρ]1/4 .
(57)
Since we are looking for a Poisson-like equation as sim-
ply as possible, we choose A = 1 and B = 3/2, so that
eq.(57) turns into:
∇ · a = ϑ (−Ξ)
1/4
25/4
(Ga0)
1/2 [∇ρ · ∇ρ]1/4 , (58)
Solving analytically the last relation (see appendix A),
the following value of Ξ is founded:
Ξ = −128pi
2
9ϑ′4
. (59)
4.3. PPN consistency
In this analysis, we expand the metric gµν as:
gµν = ηµν + hµν , (60)
7where ηµν = diag(1,−1,−1,−1) is the Minkowskian met-
ric and hµν is a small perturbation. To first order on hµν
(second order in 1/c2), the components of the Ricci ten-
sor are given by:
(2)R00{} = 1
2
∇2h00, and (2)Rij{} = 1
2
∇2hij ,
(61)
for the PPN gauge [see e.g 34].
Substituting the value η = 1, the functional form
f(R) = R4, the definition of Ξ and eqs. (56) into the
full field eqs. (37), the following equation is obtained:
4R3Rµν − 1
2
R4 = Ξ
(Ga0)
2
c12
[
1
2
gµν
(
∇˜αLm∇˜αLm
+
3
2
Lm∆˜Lm
)
− ∇˜µLm∇˜νLm − 3
2
Lm∇˜µ∇˜νLm
−1
2
(Lmgµν − Σµν) ∆˜Lm
]
,
(62)
with a trace given by:
2R4 =Ξ
(Ga0)
2
c12
[
∇˜αLm∇˜αLm + 3
2
Lm∆˜Lm
−1
2
(4Lm − Σ) ∆˜Lm
]
.
(63)
Using this relation in eq.(62), the field equations are:
4Rµν =
(
Ξ
(Ga0)
2
c12
)1/4 [
3
4
gµν
(
∇˜αLm∇˜αLm
+
3
2
Lm∆˜Lm
)
− ∇˜µLm∇˜νLm − 3
2
Lm∇˜µ∇˜νLm
−1
2
(Lmgµν − Σµν) ∆˜Lm − 1
8
gµν(4Lm − Σ)∆˜Lm
]
×
[
∇˜αLm∇˜αLm + 3
2
Lm∆˜Lm − 1
2
(4Lm − Σ) ∆˜Lm
]−3/4
.
(64)
Based on eq.(48), we can express Rµν as:
Rµν = Rµν{}+Hµν(R). (65)
From eq.(49), we conclude:
Hµν = ϑµνR, (66)
where ϑµν is a second rank tensor.
Using eq.(65) for dust, the 00 component of eq.(64) at
second order of approximation is given by:
(2)R00{}+ (2)H00 = 3(Ξ)
1/4
213/4
(a0G)
1/2
c2
[
∇˜αρ∇˜αρ+ ρ∆˜ρ
]
×
[
∇˜αρ∇˜αρ
]−3/4
,
(67)
where we have used the fact that the derivatives with
respect to the coordinate x0 are of order 1/c. Comparing
this latter equation with eq. (58), we find the following
relation:
1
2
∇2h00 + (2)H00 = −3
4
∇2φ
c2ϑ′
+G(φ), (68)
where we have already substituted eqs.(61), (20) and
(31), and define G(φ) as:
G(φ) =
3(−Ξ)1/4
213/4
(a0G)
1/2
c2
ρ∇2ρ [∇ρ · ∇ρ]−3/4 . (69)
The explicit dependence in φ is given for the solution
ρ = ρ(φ) obtained by solving eq.(58).
In order to be in agreement with the metric (11) em-
ployed in our exploration examples, the following relation
must hold: h00 = 2φ/c
2, and so:
(2)H00 = −∇
2φ
c2
(
3
4ϑ′
+ 1
)
+G(φ). (70)
Using eqs. (61) and (65), the spatial components of
eq.(64) for dust are:
1
2
∇2hij + (2)Hij =Ξ
1/4
25/4
(a0G)
1/2
c2
[
1
4
gij
(
3∇˜αρ∇˜αρ
+ρ∆˜ρ
)
− ∇˜iρ∇˜jρ− 3
2
ρ∇˜i∇˜jρ
]
×
[
∇˜αρ∇˜αρ
]−3/4
,
(71)
To handle this equation in a better way, we contract it
with ηij . Defining H3 := η
ijHij and h3 := η
ijhij , eq.(71)
turns into:
1
2
∇2h3 + (2)H3 =Ξ
1/4
25/4
(a0G)
1/2
c2
[
3
4
(
3∇˜αρ∇˜αρ
+ρ∆˜ρ
)
− ∇˜iρ∇˜iρ− 3
2
ρ∇˜i∇˜iρ
]
×
[
∇˜αρ∇˜αρ
]−3/4
.
(72)
Using eqs. (20), (31) and (69) and comparing with
8eq.(57), the latter expression can be expressed as:
1
2
∇2h3 + (2)H3 = −5
4
∇2φ
c2ϑ′
−G(φ). (73)
Since we are looking for Hij in order to have hij =(
2φ/c2
)
δij , therefore:
(2)H3 =
∇2φ
c2
(
3− 5
4ϑ′
)
−G(φ), (74)
and because we are working in an isotropic frame, we
conclude that:
(2)Hij = −∇
2φ
c2
(
1− 5
12ϑ′
)
δij +
1
3
G(φ)δij . (75)
In order to keep the contribution of Hµν as small as
possible, we choose the following values:
ϑ′ =
5
12
and ϑ =
7
12
, (76)
which guarantee a sufficiently small value of (2)Hij given
by the second term on the right hand side of equa-
tion (75).
5. DISCUSSION
As mentioned in the introduction, many proposals of
extended theories of gravity have been constructed. Re-
cently, a new approach by Verlinde [37] yields an estimate
of the excess gravity in terms of the baryonic mass distri-
bution and the Hubble parameter. In a first astrophysical
test, this approach has been able to account reasonably
well for the expected lens signal of low redshift galaxies
[38]. Despite this, it is not very clear from the theoretical
developments of the theory how to apply such results to
an extended system such as a cluster of galaxies.
From the very early stages in the introduction of tor-
sion onto gravitational phenomena, it has never been
thought as to which effect it can produce. Furthermore,
it has never become clear how it can affect standard grav-
itational interactions. In this work, we have shown that
if we want to understand MONDian phenomenology in
the relativistic regime, we require to extend gravity in
such a way that the functional action f(R,Lm) has the
following form -see eq.(36):
f(R,Lm) = ωR4− ω′
[(
∇˜µLm∇˜µLm
)
+
3
2
(
Lm∆˜Lm
)]
,
(77)
where:
ω =
54c15
215a60G
≈ 0.02c
15
a60G
, and ω′ =
9pi2c3G
a40
.
(78)
This formalism is fully covariant and local and so, un-
like many of the previous attempts built to generalise
MOND to a relativistic regime it can be tested in many
astrophysical systems, such as weak and strong lensing
of individual, groups and clusters of galaxies. It can also
be applied for a Friedmann-Lemaˆıtre-Robertson-Walker
universe and test the behaviour of the large-scale uni-
verse at the present epoch. We intend to deal with all
these problems elsewhere.
The departures introduced in the matter sector of the
action (77) with respect to the classical matter action
Lm, brings with it some theoretical concerns since it is
not clear that such a choice would lead e.g. to geodesic
trayectories, but this is a much broader subject to discuss
in the present article. However, the motivation of choos-
ing this particular action comes from the field equations
at the non-relativistic level, since at this level of approx-
imation, the field equations can be expressed as:
(∇2φ)4 ≈ (∇ρ)2 . (79)
In terms of the mass M , the radial coordinate r and
the acceleration a, at order of magnitude, the previous
equation can be written as:
(a
r
)4
≈
(
M
r4
)2
. (80)
This last expression yields the correct mass and radial
dependence for the MONDian acceleration. Therefore,
our choice (77) was made in order to recover the de-
pendence (80). From the above simple calculation, this
choice is not unique and others actions can be built in
order to achieve (80). Such actions may in principle con-
tain the theoretical issues that the approach introduced
in this work presents.
The fact that the matter Lagrangian appears inside
the gravitational action contradicts the precise measure-
ments performed on Earth and on the solar system with
respect to this fact. As it has been noted all throughout
the article, the MONDian behaviour of gravity occurs at
mass to lenght ratios quite different from the character-
istic ones associated to the solar system. In this respect,
the proposal constructed in this article cannot be applied
to any mass to length ratio system similar to those of the
solar system. It can only be applied to systems where
that ratio is much less than one, in which essentially the
equivalent Newtonian gravitational acceleration is . a0.
It is precisely on these systems where the matter La-
grangian will appear inside the gravitational action.
The main conclusion that we can derive from this work
is that in order to recover a MONDian acceleration from
9a F (R) theory, derivatives of the matter Lagrangian must
be present in the field equations. The proposal of a mat-
ter Lagrangian function appearing on the gravitational
action is not new and has been studied previously [39, 40].
The posibility of building similar field equations from a
gravitational action that does not involve derivatives of
the matter Lagrangian and satisfies standard conserva-
tion laws is beyond the scope of this work, but will be
studied by us in future research.
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Appendix A: Evaluation of the constant Ξ
Since we are making the assumption that acceleration
has only a radial component, the spherical coordinate
system is the most suitable one. As such:
a = αrτ rˆ, (A1)
with divergence:
∇ · a = α(τ + 2)rτ−1. (A2)
Also, the gradient of ρ in this coordinates is given by:
∇ρ = dρ
dr
rˆ. (A3)
Squaring eq.(58) and substituting on it eqs. (A2)
and (A3) yields:
α2(τ + 2)2r2(τ−1) = ϑ′2
(−Ξ
25
)1/2
Ga0
dρ
dr
, (A4)
Integrating over r the latter expression gives the following
result:
α2(τ + 2)2
2τ − 1 r
2τ−1 = ϑ′2
(−Ξ
25
)1/2
Ga0ρ, (A5)
with τ 6= 1/2. For a point mass source, the matter den-
sity is: ρ =Mδ(r)/4pir2. Using this expression and inte-
grating over r, we obtain:
α2(τ + 2)2
2τ(2τ − 1)r
2τ
∣∣∣∣
r=∞
r=0
= ϑ′2
(−Ξ
25
)1/2
GMa0
4pi
1
r2
∣∣∣∣
r=0
,
(A6)
with the additional condition: τ 6= 0. Since Ξ is just a
constant, it does not depend on r and so, in order that
eq.(A6) has meaning, it is necessarily that τ = 1. This
value was expected because we built our theory with the
requirement that a ≈ r−1. Using all this, eq. (A6) can
be written as:
− α
2
6
= ϑ′2
(
− Ξ
25
)1/2
GMa0
4pi
. (A7)
MONDiand acceleration sets the value: α =
−(GMa0)1/2 and so:
− 1
6
= ϑ′2
(
− Ξ
25
)1/2
1
4pi
. (A8)
Algebraic manipulation of this expression yields
eq.(59).
[1] M. Milgrom, Astrophys. J. 270, 365 (1983).
[2] M. Milgrom, Astrophys. J. 270, 371 (1983).
[3] X. Hernandez, S. Mendoza, T. Suarez, and T. Bernal,
Astronomy and Astrophysics 514, A101 (2010),
arXiv:0904.1434 [astro-ph.GA].
[4] X. Hernandez and M. A. Jime´nez,
Astrophys. J. 750, 9 (2012), arXiv:1108.4021.
[5] X. Hernandez, M. A. Jime´nez, and
C. Allen, MNRAS 428, 3196 (2013),
arXiv:1206.5024 [astro-ph.GA].
[6] X. Hernandez, M. A. Jime´nez, and C. Allen,
European Physical Journal C 72, 1884 (2012),
arXiv:1105.1873 [astro-ph.GA].
[7] X. Hernandez, R. Durazo, B. Cervantes-Sodi, H. J.
Ibarra-Medel, and O. Lopez-Cruz, ArXiv e-prints
(2015), arXiv:1506.04099.
[8] J. D. Bekenstein and R. H.
Sanders, MNRAS 421, L59 (2012),
arXiv:1110.5048 [astro-ph.CO].
[9] J. D. Bekenstein, Phys. Rev. D 70, 083509 (2004),
astro-ph/0403694.
[10] T. G. Zlosnik, P. G. Ferreira, and G. D. Starkman,
Phys. Rev. D 74, 044037 (2006), gr-qc/0606039.
[11] R. H. Sanders, Astrophys. J. 480, 492 (1997),
astro-ph/9612099.
[12] R. H. Sanders, MNRAS 363, 459 (2005),
astro-ph/0502222.
[13] C. Skordis, Classical and Quantum Gravity 26, 143001 (2009),
10
arXiv:0903.3602 [astro-ph.CO].
[14] E. Babichev, C. Deffayet, and G. Esposito-
Fare`se, Phys. Rev. D 84, 061502 (2011),
arXiv:1106.2538 [gr-qc].
[15] M. Milgrom, Phys. Rev. D 80, 123536 (2009),
arXiv:0912.0790 [gr-qc].
[16] C. Deffayet, G. Esposito-Fare`se, and R. P.
Woodard, Phys. Rev. D 84, 124054 (2011),
arXiv:1106.4984 [gr-qc].
[17] D. A. Demir and C. N. Karahan,
The European Physical Journal C 74, 1 (2014).
[18] J.-P. Bruneton and G. Esposito-Fare`se,
Phys. Rev. D 76, 124012 (2007).
[19] T. Bernal, S. Capozziello, J. C. Hidalgo, and S. Men-
doza, European Physical Journal C 71, 1794 (2011),
arXiv:1108.5588 [astro-ph.CO].
[20] E. Barrientos and S. Mendoza, ArXiv e-prints (2016),
arXiv:1602.05644 [gr-qc].
[21] S. Capozziello, International Journal of Modern Physics D 11, 483 (2002),
gr-qc/0201033.
[22] S. Capozziello and A. DeFelice,
Journal of Cosmology and Astroparticle Physics 8, 016 (2008),
arXiv:0804.2163 [gr-qc].
[23] S. Mendoza, T. Bernal, X. Hernandez, J. C. Hi-
dalgo, and L. A. Torres, MNRAS 433, 1802 (2013),
arXiv:1208.6241 [astro-ph.CO].
[24] D. A. Carranza, S. Mendoza, and L. A. Tor-
res, European Physical Journal C 73, 2282 (2013),
arXiv:1208.2502.
[25] S. Mendoza, Canadian Journal of Physics 93, 217 (2015).
[26] S. Capozziello, R. Cianci, C. Stornaiolo, and
S. Vignolo, Physica Scripta 78, 065010 (2008),
arXiv:0810.2549 [gr-qc].
[27] S. Capozziello, R. Cianci, C. Stornaiolo, and S. Vi-
gnolo, Classical and Quantum Gravity 24, 6417 (2007),
arXiv:0708.3038 [gr-qc].
[28] T. Harko, F. S. N. Lobo, S. Nojiri, and
S. D. Odintsov, Phys. Rev. D 84, 024020 (2011),
arXiv:1104.2669 [gr-qc].
[29] Z. Haghani, T. Harko, F. S. N. Lobo, H. R. Sepa-
ngi, and S. Shahidi, Phys. Rev. D 88, 044023 (2013),
arXiv:1304.5957 [gr-qc].
[30] F. S. N. Lobo and T. Harko, ArXiv e-prints (2012),
arXiv:1211.0426 [gr-qc].
[31] F. W. Hehl, General Relativity and Gravitation 4, 333 (1973).
[32] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M.
Nester, Reviews of Modern Physics 48, 393 (1976).
[33] S. Capozziello, G. Lambiase, and C. Stornaioloi,
Annalen der Physik 513, 713 (2001), gr-qc/0101038.
[34] C. M. Will, Theory and Experiment in Gravita-
tional Physics, by Clifford M. Will, pp. 396. ISBN
0521439736. Cambridge, UK: Cambridge University
Press, March 1993. (1993).
[35] S. Mendoza and G. J. Olmo, ArXiv e-prints (2014),
arXiv:1401.5104 [gr-qc].
[36] L. I. Sedov, Similarity and Dimensional Methods in Me-
chanics, New York: Academic Press, 1959 (1959).
[37] E. P. Verlinde, ArXiv e-prints (2016),
arXiv:1611.02269 [hep-th].
[38] M. M. Brouwer, M. R. Visser, A. Dvornik, H. Hoek-
stra, K. Kuijken, E. A. Valentijn, M. Bilicki, C. Blake,
S. Brough, H. Buddelmeijer, T. Erben, C. Heymans,
H. Hildebrandt, B. W. Holwerda, A. M. Hopkins,
D. Klaes, J. Liske, J. Loveday, J. McFarland, R. Naka-
jima, C. Sifo´n, and E. N. Taylor, ArXiv e-prints (2016),
arXiv:1612.03034.
[39] T. Harko, F. S. N. Lobo, and E. N. Saridakis, ArXiv
e-prints (2014), arXiv:1405.7019 [gr-qc].
[40] P. Pani, T. P. Sotiriou, and
D. Vernieri, Phys. Rev. D 88, 121502 (2013),
arXiv:1306.1835 [gr-qc].
